Question 1.3:  Pedro anc; I:[a.ria ride a school bus 15 miles to high school. Write an equation
that shows how to calculate the average speed S (in miles per hour) of their trip
from the time T (in hours) that the trip takes.
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Question 1.4:  'Write an equation relating x and y that will give the pairs of numbers in
this table.
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Question 1.5:  In a school science project each student is given 100 teet of rope to enclose an

experimental garden plot in the shape of a rectangle.

100 Feet y :
of Rope Width w
Length L
:P\ a)  Write an equation showing how the width W of any such plot depends on
the length L.
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b) Write aficther equation shp-\;'i_ng how the area™of any p-l;:;t also depends

only on the length .
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Problem 2: Tapping the Market

Recent reports about bacteria and parasites in city drinking water

supplies have led to a booming business in sales of bottled water and water

purifying devices. Water has become a big business.

The following graphs show three different predictions of how income | Mountain
from water sales might change over the next several years. ; Sheg

Turtle

Water

Use the graphs to answer questions 2.1 and 2.2 about walter business prospecis.

Question 2.1:

Question 2.2:

Which of the three graphs (1, II, or III) shows annual income rising:

a) atanincreasing rate? I s - ol O.K.
b) ataconstant rate? % i - on oy o me
c)  atadecreasing rate? L O. wo matches

Income from sales of bottled water in 1990 was $500 million. What is the best
match between the three graphs and these equations relating sales income S in
millions of dollars to time t in years since 19907
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-The Turtle Mountain Spring Company made plans about growth in their own share of the
waler business. They predicted that annual income from sale of their botled water B and

filters F would change over time according to the following formulas. Time t is in years since
1990 and income is in millions of dollars per year.

Bottled Water Income: B =20+ 5t
Filtering Devices Income: F=28 + 3t

Use those formulas 1o answer questions 2.3 and 2.4. Remember 1o show your work

and explain briefly how (if at all) you used a graphing calculator in your work.

Question 2.3:  When is the income from bottled water projected to reach $50 million?
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_ The Turtle Mountain Spring Company made plans about growth in their own share of the
" water business. They predicted that annual income from sale of their bottled water B and

filters F vrould change over time according to the following formulas. Time t is in years since
1990 and income is in millions of dollars per year.

Botted Water Income: B =20 + 5t
Filtering Devices Income: F =28 + 3t

Use those formulas 10 answer questions 2.3 and 2.4. Remember to show Yyour work
and explain briefly how (if at all) you used a graphing calculator in your work.

Juestion 2.4: When does the Turtle Mountain Springs Compan

¥ expect the two water
products to give the same annual income? ‘
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~ The builders of anew American ﬁig’lc moté}g:y:_:}% plan to set a fixed price for the cycle—
no rebates or bargaining allowed. The problem is finding the right price to charge. They
estimate that their operating costs ¢ and sales income I will be related to the number n of

cycles that are made and sold:

Operating Costs: ¢ = 800n + 10,032,000
Income from Sales: 1 = 4500n —0.2n2

Answer each of the following guestions that arise in studying business prospects for
American Eagle's planned new motorcycle. Remember to show your work and explain briefly
how (if at all) you used a graphing calculator.

Question 3.2:  What will the income from sales be if 2000 cycles are sold?
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~ The builders of 2 new American Eagle motbreycle plan to set a fixed price for the cycle—
no rebates or bargaining allowed. The problem is finding the right price to charge. They
estimate that their operating costs ¢ and sales income 1 will be related 1o the number n of

cycles that are made and sold:

Operating Costs: ¢ = 800n + 10,032,000

Income from Sales: 1 = 4500n - 0.2n2

Answer each of the following questions that arise in studying business prospecis for
American Eagle's planned new motorcycle. Remember to show your work and explain briefly
how (if at all) you used a graphing calculator.

Question 3.3: “Fot what number of cycle sales w;ll income be at Icast $9, 112.500"
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. The builders of a new Amcnmn Eaglc moton:ycie plan to set a fixed price for the cycle—
no rebates or barga.mmg allowed. The problem is f'md:.ng the right price to charge. 'I'hcy
estimate that their operating costs ¢ and sales income I will be related to the number n of
cycles that are made and sold:

Operating Costs: ¢ = 800n + 10,032,000

Income from Sales: 1 = 4500n — 0.2n2

Answer each of the following guestions that arise in studying business prospects for
American Eagle’s planned new motorcycle. Remember to show your work and explain briefly
how (if at all) you used a graphing calculator.

Question 3.4:  For what nuinber of cycle sdles will income be as jar

) gt as possible,
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" Problem 4: The IA;ﬁg-Distance Airliner

Several commercial airlines have non-stop flights from Los Angeles, California all the
way to Sydney, Australia. Itis a trip of 7500 miles and can take as long as 18 hours, most of the
time out over the Pacific Ocean. Therefore, estimating flight time and fuel requirements is very
important. One airline uses this formula to calculate flight time T in hours from expected wind

speed W in miles per hour:

7500
Eoem S0+ W -

Explain briefly what each of the following algebraic calculations will 1ell abour flight plans.
- You do not need 10 do the calculations.

iestion 4.1: ' What will you leam from calculating T when W=757
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* Several commercial airlines have non-stop flights from Los Angeles, California all the
way to Sydney, Australia. Itis a trip of 7500 miles and can take as long as 18 hours, most of the
time out over the Pacific Ocean. Therefore, estimating flight time and fuel requirements is very

important. One airline uses this formula to calculate flight time T in hours from expected wind
speed W in miles per hour:

7500
T=30+w -

Exp!a:n briefly what each of the following algebraic calculations will tell about flight pian_r o —
- .. You do norneed 1o do the calculations. .

Question 4.2: W'hat w1].l ycu lca:ﬁ frc-m. soivmg* %.5% =147
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Several commercial airlines have non-stop flights from Los Angeles, California all the
way to Sydney, Australia. Itis a trip of 7500 miles and can take as long as 18 hours, most of the
time out over the Pacific Ocean. Therefore, estimating flight time and fuel requirements is very

important. One airline uses this formula to calculate flight time T in hours from expected wind
speed W in miles per hour:

_ 1500
T S00+W

Explain briefly what each of the following algebraic calculations will tell about flight plans.
. You do not need to do the calculations.

Question 43:  What will you leam from solving: % > 147 ' )
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arnber o pa.ssengers N onthe flight. Thnse. va.nab]es are r::laled by I.hc cquat.lou‘

F = 2500T + 15NT + 1500

Explain briefly what each of the following algebraic calculations will tell about flight plans.
You do not need to do the calculations.

Juestion 4.4:  What will you learn from calculating F when T = 14 and N=225?
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nbe.r of passenfers N on tbz ﬂJghL os:m 1

. nn-_-qo.n-f

F= ?_500T+'15NT+1500

Explain briefly what each of the following algebraic cafcu!aﬂo;zs will tell about flight plans.
You do riot neea' ro,do the calculations.

estion 4.5: What will you learn by solvmg 2500T + 15NT+ 1500448000 for N
when T= 189 - '
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Rubric for Part 2
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On this section of the algebra/functions assessment there are 14 questions. You have 20
minutes to answer them. The questions require algebraic
without use of calculators or computers.
this section of the assessment.
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 Section 2.1

Questions 1-6 are in multiple-choice format. For each question, circle the letter of
the choice that you believe is the best answer. Use the blank space for scratch work in
your reasoning.

1. Which of the following expressions is equivalent to (4xy3)(Sy) ?

@  xy?
®  9xy3
©  9xy
GY) l’.(}xy:"

@ 20xy*

2, Which of the following expressions is equivalent to 1—2-55-;—}:- 7
(2) S5x
®) S5+x
(c) 100 +x
126x
@ =53

) x
5435

3. Which of the following inequalities is equivalent to 4x=7>3 7

(2) x> =1

(®) x>0
7
(c) x>q
10
(e) 5.3



4. If t= 0, which of the following expressions is equivalent to 2 ?

t 2t

3

@ 3
11
(®) =
3
(C_) 202
13
d i
(). 2t2
(e) %;_

3, A rectangle has length L and width W. Its length is 4 meters greater than its
width. Which of the following describes the relation berween L and W?

(A W=L+4
L=W+4
(c) W>L+4
d L+4>W
(e) L>W+4

6. Which of the following expressions is equivalent to -3(5x - 6)? -
~15x +18
®) 2x -9
(c) -15x-6
(d) -15x-18

(e) 2x+ 3



Section 2.2

Give answers for the 8 questions in this section. Use the work space to show your
reasoning. Record your results in the “answer™ boxes.

@ If s=2 and t=-3, thenwhatis 2st+(s2t)?
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8. Solve the equation 3x +4=5x—-2 for x. O: 22342°3712+12=24 .
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10.  Solve the equation X +3x—4=0 for x.
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11 Solve (2x-6)(x+4)=0 for x.

Work Space: | 2 Answer:
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" Solve Y9+x2 = 5 for x.
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@ What is an equation of the line shown in the graph below?

Rubric for Part 3
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VPDATE D

There are three parts to a correct and complete response to this question.
A) Correct model:

Students obtain the following linear models refating “Number of Calls * and “Cost’:

Apple: C= .35N + 4(0.15)N= 95N
Bell; C=260 + 4(0.10)N = 260 + 0.40N
Capital: C=600

As long as the scorers can be certain that students used the correct model, they get
credit for having done so, even if they did not communicate it clearly. Moreover, ff
students have not clearly explained their model, but have the correct answer, (which
they could not have obtained without using a correct model) , they get credit for a
correct model and a correct answer, but not for a correct explanation,

B) Consistent answer: Students communicate their answer clearly and ( reasonchle
unambiguously. The answer must correctly apply the model they used, although for ‘fipﬁ("k-"‘\c{:i
scores of "3" or lower, slight rounding errors due to use of a table or graphic solution

method are acceptable. Coun 715_)
If students used the correct model, the “consistent answer” required would be:

If 472 or fewer calls are made, then the CD club should choose Apple.
If 473-850 calls are made, then the CD Club should choose Bell.
If 850 calls are made, then the CD Club should choose Capital.

See appendix Il for common “close but wrong™ equations, and the associated
“consistent” answers.

C) Correct explanation: Students describe in detail how they obtained their

solution, with enough explanation to justify the choices they made in identifying the
cheapest service provider. While a graph or a table of values are not absolutely

required, providing one is likely to shore up weak points in an expla)-lalion that would
otherwise be inadequate. Cwﬂﬁ {!‘fr;, Corre r_+,, Corce d-]!/‘y elelid G reys b
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4 - all three elements (model, answer, and explanation) are correct and Aang s

complete. .
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3 - two of the three elements are correct and complete. 2 715)

2 - one of the three elements is correct and complete.

1 - Type A: With few exceptions--described In Appendix lli- students who 2 diod
analyze which company is best by assuming the CD club makes a
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explanation) was seriously attempted, but no element Is correct and
complete.

0 - no response or gllb response with no serious attempt to model or
address the question. This Includes “nonsense number combinations”,
as well as Inadequate Iinformal models, or assertions with no evidence of
mathematical analysis (e.g. “Choose Capital because of the fixed price.”)
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Appendix |: Details for choosing between a 1 (“serious attempt”) and a 0

minimum for serlous attempt at “model”: The students present enough
evidence so the scorer can confidently infer that they used one of the “close but wrong”
models described in Appendix II, or a similar model. It is NOT sufficient to present a
model for only one company (e.g., writing “Apple costs $.95 per call”.)

minimum for serlous attempt at “explanation”: Itis very uncommon to have a
sufficient explanation for a “17, while having a totally inadequate model and a totally
inadequate answer. Students could conceivably do so if they presented enough
information so the scorer could confidently infer that, had they followed the procedure

they describe and used the correct model, the students could have gotten a correct
answer.

minimum for serious attempt at an “answer”: The students describe
qualitatively the idea that for very few calls the CD club should choose Apple, for a
moderate number of calls the CD ciub should choose Bell, and for a large number of
calls the CD club should choose Capital. They may even make up intervals that
present this flavor (e.g., merely writing "0-50 calls choose Apple; 51-220 calls choose
Bell; 221 or more choose Capital”). However, an informal model that does less than
this (e.g., writing only “choose Capital if you're making lots of calls”) scores a “0".



Appendix ll: Commonly Seen Linear Equations

Correct equations.

Apple: C= .35N + 4(0.15)N= .95N
Bell: C=260 + 4(0.10)N = 260 + 0.40N
Capital: C=600

If 472 or fewer calis are made, then the CD club shouid choose Apple.
If 473-850 calls are made, then the CD Club should choose Bell.
If 850 calls are made, then the CD Club should choose Capital.

An equivalent model in terms of “minutes”:

Apple: C= .35(1/4)M + 0.15Ng 0.2375M
Bell: C=260 + 0.10M = 260 + 0.10M
Capital: C=600

it 1888 minutes or fewer of calls are made, then theCD club should choose Apple.
If 1892-3400 minutes of calls are made, then the CD Club should choose Bell.
If 3400 or more minutes of calls are made, then the CD Club should choose Capital.)

“Close but wrong” linear equations

Apple: C= .35x + 0.15x
Bell: C=260 + 0.1x
Capital: C=600

Choose Apple for less than 650 minutes;
Bell for 850-3400 minutes;
Capital for more than 3400 minutes.

Apple: C= .35+ 0.15x
Bell: C=260 + 0.1x
Capital: C=600

Choose Apple for less than 3998 minutes,
Capital for more than 3998 minutes.

Apple: C= .35x + 0.15(4)= 35x + 0.6
Bell: C=260 + 0.1(4)x= 260 + .4x
Capital: C=600

Choose Apple for up to 1712 calls;
Capital for more than 1712 calls.



Apple: C= .35+ 0.15x
Bell: C=260 + 0.1x
Capital: C=600
Choose Apple for less than 4000 minutes:
Capital for 4000 or more minutes.

Apple: C= .35 + 0.15(4)x= .35 + 0.6x
Bell: C=260 + 0.1x
Capital: C=600

Choose Apple for up to 519 minutes or calls;
Bell for 520-3400 minutes or calls;
Capital for more than 3400 minutes or calls.

Apple: C= .35x + 0.15(4)x= .95x
Bell: C=260 + 0.1x
Capital: C=600

Choose Apple for up to 305 calls;
Bell for 306-3400 minutes or calls:
Capital for more than 3400 minutes or calls.



Appendix lll: Analysis at one or more discrete values.
It is very difficult for students to score better than a “1” if they present their answer at
one or more discrete values (i.e., tor a particular number of minutes or a particular
number of calls) rather than over a range. (An example of “analysis at discrete values”
would be the following answer:
“Choose Apple. If you make one phone call it will only cost you .95, whereas Bell
would cost $260.40 and Capital would cost $600.7)

Generally lf a correct or close-but wrong set of linear equations is apphed to get the
cost for each of the three service providers at a discrete value, the students will have
made a sufficiently serious attempt at modeling to score a “1"--even if students made
minor arithmetic errors in the computation. HOWEVER, failing to compute the cost for
Bell at the discrete value, or failing to compute the cost for Apple at the discrete value
would further reduce the score from “1" to *0” (i.e., the model would no longer count as
a “serious attempt”).

If analyzed at a discrete value, the explanation is correct (i.e., can raise the score
from a “1” to a “2") only if the following elements are present. The choice of the
discrete value must be justified, and the justification must be convincing and
reasonable. All computations must be made clearly and correctly, and the cost for
each long distance provider at the discrete value must be provided. Moreover, this
cost must be computed correctly, using the correct linear equations (not one of the
“close but incorrect” models).

Example of a correct explanation when analyzing a discrete value:

“If the CD club sells compact discs all across the country, it must have at least one full-
time sales person. One full-time sales person working a 40 hour week would
complete 40 x60 divided by 4 = 600 phone calls per week. At 600 calls per week, the
cost for Apple Communications is $.95 per call x 600 = $570 per week. The cost for
Bell Telephone is $260 per week + $.40 x 600 calls = $500 per week. The cost for
Capital is $600. Therefore, we'd choose Bell.”

It analyzed at discrete values, the answer is correct (i.e., can raise the score from a “1”
to a “2") only if the following elements are present: the case of low, medium, and high
number of calls are all considered, or else a clear and convincing justification must be
given for why all three cases are not considered. At each discrete value, the cost for
each of the long distance service providers is presented, and the costs are correct (not
merely “consistent” with one of the “close but incorrect” models). At each discrete
value, the least expensive long distance provider is correctly identified.

Example of a correct answer when analyzing discrete values:

“For only 2 calls, Apple long distance would cost $1.90, Bell would cost $260.80, and
Capital would cost $600. At 600 calls, Apple would cost $570, Bell would cost $500.



Capital, which costs $600 would be the most expensive until the CD club made lots of
calls --e.g., at 1000, Apple would cost $950 and Bell would cost $660."

It 1s possible--but unlikely-- in the discrete case to get both the answer and the
explanation correct, thus scoring a "3". An example is the following extension of the

correct “explanation” above, which includes justification for why cases other than 1000
are not considered:

“If the CD club sells compact discs all across the country, it must have severai full-time
sales people. One full-time sales person working a 40 hour week would complete 40
x60 divided by 4 = 600 phone calls per week. With several employees, the CD club
surely makes at least 1000 calls per week. At 1000 calls per week, the cost for Apple
Communications is $.95 per call x 1000 = $350 per week. The cost for Bell
Telephone is $260 per week + $.40 x 1000 calls = $660 per week. The cost for Capital
is only $600. 1000 calls, as we said, is the minimum. If even more calls were made,
then the cost of Bell and the cost of Apple would increase, while the cost of Capital
would stay at $600. Therefore, we'd choose Capital.”

Appendix C: Sample Anchor Papers

Anchor papers provided concrete examples to clarify the scoring rubrics. As
described in Chapter 3, anchor papers were selected from completed tests used in earlier
research conducted by the Core-Plus Mathematics Project. An attempt was made to
select anchor papers that defined the borders between scores, particularly in cases where

it might be difficult to choose what score to assign. Thus, for example, in addition to



“typical papers with a score of 1,” some anchor papers were selected that were close to
“the weakest you could get and still score a 1,” and others were selected that were close
to “the strongest you could get and still score a 1.”

This appendix contains sample anchor papers for Part 1, Question 3.3, for Part 2,
Question 10, and for Part 3. For readers wishing to use the test and scoring rubric, the

full set of anchor papers are available from the author.



Sample Anchor Papers for Part 1, Problem 3.3



(s

U/Od[.;*(o( Gnchars %9( L—

Question 3.3:  For what number of cycle sales will income be at least $9,112,5007
9,112,500 & 45000 -0 2n"

n= 2720¢
T wedd

7 Yol e wken N wwdad least f’f|“3:'&r.~

(D-)'@ X = 22006,

Question 3.4:  For what number of cycle sales will income be as Jarge as possible, and what

- T b 4§0on-020% W

e ey T

[



() Question3.3: For what number of cycle sales will income be at least $9,112.5007
i o - Sy ;
Veu ;'Ie{_,;f o Sl g GI5 C‘y;f( :?f;,'g/
-‘ Wee P bl wpp drisl sng eree
7

Nisrrtlne 3 4.+ oo o '



00 Question 3.3:  For what number of cycle sales will income be at least $9,112, 5007

912,500 Céoo n) (Z\LX

PO



Question 3.3:  For what number of cvcle sales will income be at least $9,112,5007

!}'é) Q{" fycl,( "QL(C' \ j: e_f\ Lf\"f o:

'f\.\o ywyr (&*ﬁtpwlt\"d{ ﬂgV‘;\:\.

Y Lo
i&‘bh .L T‘f"o L’*‘\\’{.r( \‘ L e »’L(’,rﬂl 3



O () Question 3.3: For what number of cycle sales will income be at least $9,112,5007

[CO6n = 207 |\ 5506000 103405
. 3 0000 | 35 5000
by‘i‘v / 6
S0 G;
U2
2o

e
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Sample Anchor Papers for Part 2, Question 10



Solve the equation x*+3x-4=0 for x.

Work Space:

X Z+3x-4=0

X2t 3% =
3x* =4
= '-'llg

X = {H=

Answer:

X = {43




00 10.  Solve the equation x*+3x-4=0 for x.

Work Space:
K*-3y 40
K =4

55155 o=k~
4.d=)9-12=4-4=0

G- D=4 -4:=0
12 Soocs

Answer:

N

4




Solve the equation x*+3x—4 =0 for x.

Work Space:

Answer:
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0 () 10.  Solve the equation X 43x-4=0 for x.

Work Space:

Answer:




Solve the equation X 4+3x-4=0 for

X.

Work Space: Answer:
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@ 10 Solve the equation x*+3x-4=0 for x.

Work Space: y?
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b 0 10.  Solve the equation x*+3x—4 =0 for x.

Wark Space: Answer:
XZi3x -4 =0 C%*L{) (X'_D ‘
oy (x41) iy ;__Jfg.i

¥ JF _S";.d.r.\.'}' L‘*J . |
wiritten Q’-fu)(x_;)
i1t wonld be o g n

T 3 5“}} AJ(.-. ’f\ Aﬂ" J2 (vzj

‘\LLe ;nroffrc‘.hfv- {'u:,’i'of .rcl ‘
I eg u.q'{-"fr{ 1 would ~
w4 Jcore o T J"

Pl






